ABSTRACT. We survey global properties of the varieties of conjugacy classes of discrete faithful representations of the fundamental groups of closed (or nite volume) hyperbolic 3-manifolds M in linear groups O(1; m); m 3, especially for m = 4 and m = 5 and their relation to Teichm uller spaces of geometric structures. Of special interest are questions of connectedness of these spaces, cohomology groups H 1 ( 1 (M); o(1; m)) (in nitesimal deformations), smooth paths in the varieties and a link with Platonov's conjecture on arithmeticity and super-rigidity. For the last problem, we nd a Coxeter group which is non-arithmetic but "hyperbolically superrigid". Also, in contrast to Teichm uller spaces of hyperbolic surfaces, we show nonconnectedness of varieties T ( 1 (M); m); m = 4; 5. For m = 4, this e ect is related to an equivariant and everywhere wild embedding of a closed 3-ball into 3-sphere S 3 . For m = 5, such phenomenon has been discovered by a recent author's construction of "twisted" 3-lattice representations in O(1; 5). It uses so called block-building method and a topological background related to 2-knots in the 4-sphere. This has also a relation to rst constructions of non-trivial circle and 2-plane bundles (with geometric structures) over a closed hyperbolic 3-manifold and wild (even locally wild) quasisymmetric 2-knots in the 4-sphere.
Let ? = hg 1 ; : : : ; g d js ; 2 Ai be a nitely generated torsion-free group, H be a classical simple algebraic group de ned over R with real points H and l : ? ! H be a xed embedding of ? as a lattice in H. If H is not locally isomorphic to PSL 2 (R) then ? is rigid by the Mostow-Margulis rigidity theorem M, MA] . In addition, we suppose that H is represented in another algebraic group G; a : H ! G; also de ned over R where the image of H is not contained in a proper parabolic subgroup of G. Then the composition of embeddings 0 = a l embeds ? into G as a discrete subgroup (usually no longer a lattice). The main problem is to study the deformation space R G (?) = Hom(?; G) (with the algebraic convergence topology) which has the structure of an a ne algebraic variety over R (obtained by embedding it in a product of d copies of G by sending the representation to the d{tuple ( (g i )) i=1;::: ;d ). Its geometric properties re ect the relationships among the same 2 BORIS APANASOV degree representations of ?. Of most interest is the quotient S G (?) = R G (?)=G of this variety by the conjugation action of G. The points of S G (?) correspond to isomorphism classes of simple representations of ?. A curve in S G (?) through the (isomorphism class ] of) simple representation can be thought of as a deformation of . For a general introduction to representation varieties, see LM] .
As applications of representations varieties (see GM]), it is possible to consider a space of locally homogeneous structures on the original locally symmetric space M = ?nH=K where K is a maximal compact subgroup of H. Of most interest are the groups either SO(1; n) or SU(1; n) or PGL n (R) because the following observation ( JM] ): Theorem 1.1. The representation is locally rigid in G, i.e 
. its orbit is open in
Hom(?; G) unless H is locally isomorphic to SO(1; n) or SU(1; n). It makes sense to consider ? as a lattice in n-dimensional hyperbolic space (either real or complex). Due to the fact that the case of complex hyperbolic structures is much more rigid than the real one ( GMI]), our basic object will be the fundamental group ? = 1 (M) of a closed (or nite volume) hyperbolic n-manifold M = H n =?, or a hyperbolic n-lattice ? O (1; n) = H; n 3.
Representations of hyperbolic lattices and geometric structures
Now we assume that ? is a hyperbolic lattice (in a semi-simple Lie group H = O (1; n) of real rank 1, n 3) and we have its representations in another semi- There is a natural identi cation of the biggest space H m (?) with the space of n-dimensional hyperbolic structures on ?. An element of this space is determined by an equivalence class of pairs fN; g where N is an m-dimensional hyperbolic manifold and : ? ! 1 (N) is an isomorphism (up to isometries of manifolds N and inner automorphisms of ?).
As an example, if ? = 1 (S g ) for a closed surface of genus g > Now let us consider a hyperbolic lattice as the nitely generated linear group ? above. It is naturally to ask whether non-arithmetic lattices ? O (1; n) are superrigid. Concerning the well known M.Gromov{I.Piatetski-Shapiro interbreeding construction GPS] of non-arithmetic hyperbolic lattices in any dimension n 3, we see non-rigidity of such n-lattices in GL n+2 (R) because the bending deformations Then ? is non-arithmetic and hyperbolically super-rigid.
Actually, due to a result of E. Vinberg V] , our group ? in (4.1) is the unique non-arithmetic uniform hyperbolic lattice generated by re ections in sides of a hyperbolic (bounded) n-simplex H n . There are few additional hyperbolic (conite) lattices which are non-arithmetic: six of them are in O (1; 3) and one in O (1; 5) V]. All of these lattices are hyperbolically super-rigid. Namely, due to the author observation A5], they are rigid in O (1; n + 1): all their faithful representations in O (1; n + 1) are conjugated to the inclusion. General rigidity of ? in O (1; m); m n; follows >from the fact that a subgroup of O (1; m) generated by (n + 1) re ections always lies (up to conjugation in O (1; m)) either in O (1; n) or in O(n + 1) or in Isom R n+1 .
These hyperbolically super-rigid but non-arithmetic lattices are likely providing counter examples to the above conjecture because they cannot be S-arithmetic for any nite number set S (for ? in (4.1), S = f p 2; p 5g) while they are rigid in the most probable non-rigid cases of the hyperbolic linear groups O (1; m)) (compare Theorem 1.1).
Global properties of representation varieties
Here we shall to show how may geometric structures on manifolds be used to shed light on topology of varieties of group representations. Namely, we are studying a However, the non-connectedness e ect takes still place for these varieties T 4 (?) H 5 (?). It has been recently discovered by Apanasov's construction A10] of hyperbolic 3-lattice representations in O (1; 5). This construction also establishes a connection between variety components and some 2-dimensional knots in S 4 A11].
We shall describe the main idea of our construction in general situation of faithful discrete representations of hyperbolic n-dimensional lattices ?; n 3; into O (1; n + 2). This construction is based on the author's "block-building method" (cf. A8], A6]) and PL-approximation of smooth (n?1)-knots in the (n+1)-sphere S n+1 with a geometric control. It is shortly as follows.
Suppose that a tame (n ? 1)-knot K S n+1 belongs to the union of boundaries of a nite set of metric n-balls C = fB 1 ; : : : ; B k g such that @B i \ @B j 6 = ; i the balls B i ; B j are adjacent in the sense j = i+1(modk). Additionally suppose that,in each ball B i , there is a discrete hyperbolic isometry group action G i O (1; n) O (1; n + 2) such that, upon a geometric control on the isotopy class of K and the family C, the free (amalgamated) product G O (1; n + 1) of groups j i (G i ) (j i : B i ! S n+1 are inclusions) is a discrete group isomorphic to our given lattice ? O (1; n). Then the limit set (G) GO] , our -Dehn surgery de nes unknotted S 2 S 4 , so the limit set (G) is unknotted, hence (G) = S 4 n (G) = B 3 S 1 is homotopy equivalent to S 1 , and the exact sequence (2.2) is just the one coming from the bration S 1 ! N ! M.
Nevertheless, ber bundles over 3-manifolds M are more rigid than their analogues for surfaces (see GLT] ). Namely, the group of pseudo-isotopy classes of homeomorphisms of S 2 S 1 (the boundary of a regular neighborhood of S 2 S 4 ) is Z 2 Z 2 Z 2 , i.e. there are at most two non-equivalent locally at embeddings of S 2 in S 4 with homeomorphic exteriors; see G], GO]. It implies: Theorem 5.4. For a given closed hyperbolic 3-manifold M there are at most two non-equivalent circle (or 2-plane) bundles over M allowing an uniformizable conformal structure developed onto a 2-knot complement (a complete hyperbolic metric, correspondingly). Moreover, there are at most nite number of equivalence classes of conformal 4-manifolds N (hyperbolic 5-manifolds E; @E = N) homotopy equivalent to M and whose development is onto a 2-knot complement.
We nally remark that the number of connected components of the varieties M) is more than 100, and we think it cannot be less than C n e where C n > 1 is an universal constant and e = e (K) is the potential energy of the n-knot K, see BFHW] and AS], (actually, for the used trefoil knot k S 3 ; e(k) 74:).
